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Let (E, I/ 11) be a Banach space and L(E) be the Banach algebra of all bounded 
linear operators on E. Two characterizations are obtained on equivalent norms on 
L(E) being operator norms. As an application, it is shown that if U, V E L(E) 
satisfying VU = Z and /) UVJI = 1, define 11 T/J * = )/ UTVll for all T E L(E), then 11 )I *
is an operator norm on L(E). 
1. PRELIMINARIES 
Throughout this paper, (E, q) denotes a Banach space and L(E) the 
algebra of all bounded linear operators on E. We observe that (L(E), q*) is a 
unital Banach algebra, where q* is the norm on L(E) defined by 
q”(T) = sup{qW) : 4(x) G 1 I 
q* is called the norm induced by q. 
for all T E L(E). 
DEFINITION 1. I. A norm p on L(E) is an operator norm on L(E) if there 
exists a norm s on E equivalent to q such that p = s*, where s* is the norm 
on L(E) induced by S. 
In this paper, we shall characterize all norms on L(E) that are operator 
norms. First we observe that if s is any norm on E equivalent to q, then (i) 
s* is an operator norm on L(E), (ii) (L(E)), s*) is a unital Banach algebra, 
and (iii) s* is equivalent o q*. Let N be the set of all unital Banach algebra 
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norms on L(E). Since (L(E), q*) is semi-simple, a theorem of Johnson 
[ 1, p. 1301 implies the following. 
THEOREM 1.2. If p E N, then p is equivalent to q*. 
Thus to characterize all norms on L(E) that are operator norms, we need 
only characterize all elements in N that are operator norms. 
2. MAIN RESULT 
Fix a nonzero continuous linear functional f on E throughout the rest of 
this paper. 
Notation 2.1. For each p E N, p* is defined as 
P*(X) = P(X of) for all x E E, 
where x @f stands for the rank one operator given by 
(x Of)(Y) =fO) x for all y E E. 
LEMMA 2.2. If p E N, then p* is a norm on E equivalent to q. 
Proof Let p E N. It is easy to see that p* is a norm on E. By Theorem 
1.2, p is equivalent to q*, so that there are positive constants m and M such 
that 
v(T) < q*(T) ,< MP(T) for all T E L(E). 
Letting q(f) = supllf(~)l : q(y) ,< 11, the equality 4*(x of) = q(f) q(x) 
now gives 
w*(x) =v(x of> < 4(f) 4(x) < W$x of) = WJ*(~); 
thus p* and q are equivalent. 
LEMMA 2.3. If p E N, then p* * < p. 
Proof: If T E L(E), we have, for all x E E, 
therefore, p* *(T) <p(T) for all T E L(E) SO that P* * GP. 
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Notation 2.4. Let E’ denote the continuous dual of E. If s is any norm 
on E equivalent to q and g E E’, let 
s(g) = sup{1 g(x)1 : s(x) G 1). 
By a direct computation, we have the following 
LEMMA 2.5. If x E E, g E E’, and T E L(E), we have 
T(x 0 g> T(x 0 g> = g(Tx) T(x 0 g>. 
LEMMA 2.6. If s is a norm on E equivalent o q, then s** * = s*. In 
particular, ifp E N is an operator norm on L(E), then p* * = p. 
Proof If TE L(E), we have 
s*,*(T) = su~{s*,(D) I S**(Y) < 1 I 
=su~ls*(TyOf)/s*(yOf)~ 11 
= su~Mf> s(S) I s(f) S(Y) G 11 
= s*(T), 
thus s*** = s*. 
By applying the Hahn-Banach extension theorem we have 
LEMMA 2.7. Ifs is a norm on E equivalent to q, then 
s*(T)=sup{lg(Tx)( :s(x)< l,s(g)< 1,xE E,gE E’), 
for all T E L(E). In particular, ifp E N is an operator norm on L(E), we 
have 
P(T) = sup11 g(Tx)l : p*(x) < l,p,(g) ,< 1, x E E, g E E’/, 
for all TE L(E). 
THEOREM 2.8. Let p E N. Then the following conditions are equivalent: 
(1) p is an operator norm on L(E); 
(2) P=P*“; 
(3) p is minimal in N. 
ProoJ By Lemma 2.6, we have (1) 3 (2) and by Lemma 2.2, we have 
(2) * (1). 
(2) 3 (3). Note that p.+ is a norm on E equivalent o q, by Lemma 2.2. 
Let p, EN be such that p1 <p. Let TEL(E) be given. Then p,(T) <p(T). 
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On the other hand, let x E E and g E E’ be such that p*(x) < 1, and 
p,(g) < 1. By Lemma 2.5, we have 
T(x 0 g> T(x 0 g) = ‘ex) m 0 g> 
so that 
lg(~x~lP,(~(xog))~P,(~(~og))2~ 
I ‘@~)I GP,(W 0 g>> 





Thus by Lemma 2.7, 
Pm =P**(T) 
=wOdTx)l :P*(x)< l,pdg)< l,.uEE,gEE’) 
<P,(T). 
Hence p(T) =p,(T) for all TE L(E) so that p =p,. Therefore, p is minimal 
in N. 
(3) a (2). By Lemma 2.2, p** E N. By Lemma 2.3, p** <p. Since p is 
minimal in N, we must have p =p* *. 
We remark that in Theorem 2.7, “(1) c, (3)” generalizes the work of 
Ljubic on “Operator norms of matrices” (see [ 3 1 or [ 2, p. 2421). Also, if we 
define, for each p E N andfE E’, P.~(x) =p(x of) for all x E E, Lemma 2.5 
actually shows that Pf* =p,* for all p E N and all nonzerof; g E E’. Thus, to 
determine whether a given p E N is an operator norm on L(E), condition (2) 
is much more practical than condition (3) in Theorem 2.7. 
3. AN APPLICATION 
THEOREM 3.1. Let 17, VE L(E) be such that VU= I and q*(UV) = 1. 
Define 
P(T) = q*(uTV) for all T E L(E), 
then p E N and p is an operator norm on L(E). 
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Proof: It is easy to see that p is a norm on L(E). Since VU = I, p is an 
algebra norm; also since q*( UV) = 1, p is unital. Let (r,):!, be a sequence 
in L(E) such that p(T, - r,)+ 0 as n, m -+ co, then q*(T, - T,) = 
q*(VU(T, - T,) VU) < q*(V)p(T, - T,) q*(U) + 0 as n, m + co; since 
(L(E), q*) is complete, there exists a T E L(E) such that q*(T, - T) --$ 0 as 
n+co. Thus p(T,-T)=q*(U(T,-T)V)<q*(U)q*(T,-T)q*(V)+O 
as n + 03. Hence (L(E),p) is a unital Banach algebra so that p E N. 
Next, let V’ be the adjoint of V, then for each x E E, we have 
P*(X) =p(x of) = q*(U(x of) V) = q”((Ux) 0 (Vlf)) 
= 4Wx) SPY->; 
consequently, for each T E L(E), 
P,*(T)=~uP~P,(Tx)IP&)G 11 
= WqWTx) s(V) I qW) s(W) G 1 I 
= wMUTx) I q(Ux) < 1 I 
= wlWT0) I WVI) < 1 I (since V is surjective) 
2 swkWW~)l 40) < 11 
= q*(UTV) 
= P(T); 
thus, p* * >p. By Lemma 2.3, p* * <p. Therefore, p.+ * = p. By Theorem 2.8, 
p is an operator norm on L(E). 
We note that in the above theorem, if q(U) = q(V) = 1, then in fact 
p=q*. 
COROLLARY 3.2. Let U E L(E) be invertible. D fine 
p(T) = q*(UTU-‘) for all T E L(E). 
Then p E N and p is an operator norm on L(E). 
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